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We analyze the isotropic compaction of mixtures composed of rigid and deformable incompress-
ible particles by the non-smooth contact dynamics approach (NSCD). The deformable bodies are
simulated using a hyper-elastic neo-Hookean constitutive law by means of classical finite elements.
For mixtures that varied from totally rigid to totally deformable particles, we characterize the evo-
lution of the packing fraction, the elastic modulus, and the connectivity as a function of the applied
stresses when varying inter-particle coefficient of friction. We show first that the packing fraction
increases and tends asymptotically to a maximum value φmax, which depends on both the mixture
ratio and the inter-particle friction. The bulk modulus is also shown to increase with the packing
fraction and to diverges as it approaches φmax. From the micro-mechanical expression of the gran-
ular stress tensor, we develop a model to describe the compaction behavior as a function of the
applied pressure, the Young modulus of the deformable particles, and the mixture ratio. A bulk
equation is also derived from the compaction equation. This model lays on the characterization of
a single deformable particle under compression together with a power-law relation between connec-
tivity and packing fraction. This compaction model, set by well-defined physical quantities, results
in outstanding predictions from the jamming point up to very high densities and allows us to give
a direct prediction of φmax as a function of both the mixture ratio and the friction coefficient.
PACS numbers:
I. INTRODUCTION
Mixtures of particles with different bulk properties
are the constitutive element of many materials playing
a crucial role in many natural and industrial processes.
Among these materials are biological tissues composed
of soft cells [1–3], foams [4, 5], suspensions [6–9], clayey
materials [10, 11], and any sintered material [12–15] as
ceramic, metal or pharmaceutical pills to name a few.
In an engineering context, recent emerging issues have
led to the design of new materials in the form of a mix-
ture of soil particles with rubber pieces (made from dis-
carded tires). Such composite material exhibits new and
fascinating mechanical properties such as better stress
relaxation [16–19], seismic isolation [20–23] and founda-
tion damping [16, 19, 24, 25] while reducing the weight
of the structures or increasing the packing fraction of the
granular composites. The range of applications for rigid-
deformable composites is potentially broad and opens the
door to an extensive field of fundamental topics that are
still poorly studied.
The mechanical behavior of a packing of deformable
particles mainly depends on the ability of the particles
to both, rearrange (sliding or rolling) and change of their
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shape (related to the Young’s modulus and the Poisson’s
ratio of the particles). For example, at the outset of
compression, the granular assembly tends to the jammed
state mainly by inner particle rearrangements until a me-
chanical equilibrium is reached withstanding the imposed
loading. Once jammed, if the compression continues, the
particle deformation is the main mechanism that permits
the system to find a new mechanical equilibrium. Hence,
the complexity of rigid-deformable mixtures arises from
geometrical and mechanical dissimilarities between par-
ticles, leading to possible rearrangements even after the
jamming point.
The compaction mechanism of soft granular matter,
especially beyond the jamming point, is a broad issue
increasingly studied in the literature both experimen-
tally [26–31] and numerically through discrete element
methods [31–36], meshless approaches [28, 37, 38] or cou-
pled finite-discrete element methods [39–42]. Still, even
if many descriptions of these systems have been made,
an understanding of the main mechanisms and theoret-
ical framework is missing. Indeed, a large number of
equations trying to link the confining pressure P to the
packing fraction φ (i.e., the ratio between the volume of
the particles Vp over the volume of the box V ) have been
proposed, but most of them based on empirical strate-
gies.
One of the first constitutive equation was proposed by
Walker in 1923 [43]. This states that the packing frac-
tion, φ, is proportional to the logarithm of the pressure
(lnP ). This model involves two fitting constants which
have been later correlated to an equivalent Young’s mod-
ulus or yield strength [44]. Shapiro and Kolthoff [45],
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2followed by Konopicky [46] and Heckel [13], had a differ-
ent approach and assumed the proportionality between
the porosity (1 − φ) and the packing fraction increment
over the stress increment (dφ/dP ). They proposed that
P ∝ ln(1−φ) with, again, two fitting constants related to
the powder properties. Later, Carroll and Kim [47] justi-
fied this equation by correlating the loss of void space in
the packing and the collapse of a spherical cavity within
an elastic medium. Many other compaction equations
have been proposed in the literature [14, 48–51]. How-
ever, like the previous ones, they relate linearly the loga-
rithm of the packing fraction and a polynomial function
of P , with two or three fitting constants. Some models
also introduce a maximum packing fraction φmax, which
depends on the grains’ properties (shape, size, friction
coefficient,...) in the form of P ∝ ln(φmax − φ) [52]. Re-
cently, double logarithmic functions have also been pro-
posed by Ge et al. [53], Zhang et al. [54] and Wünsch et
al. [55]. They link linearly lnP to log lnφ. Less usual,
non-linear equations have also been proposed by some au-
thors [12, 38, 56, 57], linking a functional form of P to a
functional form of φ. Those models still introduce fitting
constants and most of them do not consider a maximum
packing fraction.
An extensive list of equations mostly designed for
metal or pharmaceutical powders compactions is re-
viewed in [58–60]. Although the previous models provide
acceptable predictions on specific cases, their limitations
are due to (i) the use of parameters with not a clear phys-
ical meaning, (ii) the lack of physical derivation, and, for
many among them, (iii) the limitation to a single solid
granular phase.
For assemblies of two distinct solid granular phases
(i.e., for binary mixtures), the, so far, adopted strate-
gies consist in using existing compaction equations for a
single granular phase and free-parameter fitting [42, 61].
However, and to our best knowledge, the first attempt
to predict the compaction behavior of mixtures of rigid-
deformable particles can be attributed to Platzer et al.
[28], who studied mixtures of sand with rubber particles.
They introduced an equation involving four parameters
and deduced from the assumption that the empty space
is filled as a first-order differential equation of the applied
pressure. Nevertheless, the authors mentioned that their
model provides fair predictions for low pressures and a
ratio of rigid to deformable particles below 50 %, but it
loses its accuracy for high pressure. It is worth noting
that, as discussed later in Appendix A, their model is a
more general form of previous models.
The large number of constitutive equations aiming at
describing the evolution of compressed granular materials
shows that there is currently no consensus on the micro-
mechanisms taking place during the compaction. A more
proper description and modeling of the compaction pro-
cess should consider the multi-contact nature of the as-
sembly together with the deformability of the particles.
In this paper, we analyze the compaction behavior of
mixtures of rigid and deformable particles by using a cou-
pled discrete element and finite element method: the non-
smooth contact dynamics (NSCD) approach. We study
the effect of the proportion of rigid-deformable particles
in the mixture and the interparticle friction on the com-
paction evolution and elastic properties beyond the jam-
ming point. Starting from the micro-mechanical defini-
tion of the granular stress tensor, we introduce an ana-
lytical model for the compaction behavior accounting for
the evolution of particle connectivity, the applied pres-
sure, the packing fraction, and the mixture ratio (i.e., the
proportion of rigid-deformable particles in the assembly).
Our model accurately predicts the sample density rang-
ing from the granular jamming point up to high packing
fractions for all mixture ratios and friction coefficients.
This model extends to binary mixtures our previous work
developed for an assembly of only deformable particles
[62]. As a natural consequence, the bulk modulus evolu-
tion and the maximum density a mixture can reach are
also deduced.
The paper is structured as follows: in Section II, we
briefly describe the numerical method used in the simula-
tions, the construction of the samples, and the procedure
followed during the compaction. In Section III, the
evolution of the packing fraction and the bulk properties
beyond the jamming are analyzed as a function of the
applied pressure for different values of the mixture ratio
and friction. In this section, a discussion is also proposed
regarding the approximation given by some existing mod-
els to our results. In Section IV, a micro-mechanical
model of compaction is presented and validated. Finally,
conclusions and perspectives are discussed in Section V.
II. NUMERICAL PROCEDURES
A. A coupled discrete-finite element method
The simulations are carried out by means of the Non-
Smooth Contact Dynamics (NSCD) method originally
developed by Moreau and Jean [63, 64]. The NSCD
is the extension of the Contact Dynamic (CD) method
[64, 65] to deformable bodies. The CD method is a dis-
crete approach for the simulation of granular dynamics
considering contact laws with non-penetrability and dry
friction between particles. In particular, the CD method
does not require elastic repulsive potential or smoothing
of the friction law for the determination of forces. It is
hence unconditionally stable and well suited to the sim-
ulation of large packings composed of frictional particles
of any shape. An iterative and parallelized algorithm of
resolution is used [66], to simultaneously find the contact
forces and changes of the momentum of each grain over
time steps.
The deformable particles are discretized via classical
finite element techniques, the degrees of freedom are the
coordinates of the nodes. We used an implementation of
the NSCD on the free, open-source simulation platform
LMGC90 [67], developed in Montpellier and capable of
3FIG. 1: (Color online) Scheme of the compression test for
κ = 0.50. A collection of deformable and rigid particles
are prescribed inside an initially squared 2D frame and com-
pressed in a quasistatic manner with an imposed pressure. P
is the applied pressure and L is the size of the square box.
modeling a collection of deformable or non-deformable
particles. More details about the mathematical formu-
lation and the implementation of this numerical method
are given in [64, 65].
B. Packing construction, isotropic compression,
and dimensionless parameters
All samples are prepared according to the same pro-
tocol. First, Np = 1500 rigid disks are randomly placed
into a square box of initial length L0 by simple geomet-
rical rules in order to build a dense system [68]. A weak
size polydispersity is considered by varying the diame-
ter d of the disks in the range of [0.8〈d〉, 1.2〈d〉] with a
uniform distribution of the particle volume (area in 2D)
fractions and 〈d〉 the mean diameter.
Second, a volume κVp of rigid disks is homogeneously
replaced by deformable disks meshed with 92 triangular
similar-size elements, with κ the mixture ratio varying
from 0.2 (packing composed of 20% of deformable parti-
cles) to 1 (packing of only deformable particles). All de-
formable particles are assumed to have the same isotropic
neo-Hookean incompressible constitutive law [69]. We
use a constant Poisson’s ratio equals to 0.495 and a Young
modulus E. Plane-strain conditions are also assumed.
Finally, the packings are isotropically compressed by
gradually, and quasistatically, applying a stress P on the
boundaries, as shown in Fig. 1. A set of loading steps
are undertaken targeting stable values of applied pressure
and packing fraction. For a given pressure P , a stable
state is reached once the variations of the packing fraction
remained below 0.01%. The friction with the walls and
the gravity are set to 0 to avoid force gradients in the
sample.
FIG. 2: (Color online) Close-up views on some of the samples
for different mixture ratio κ and the reduced pressure P/E.
Here, friction is fixed to 0.2. The rigid particles are shown in
grey and the color intensity for the deformable ones is pro-
portional to the volumetric deformation within the particles.
The relevant dimensionless control parameters for
disks under pressure P are the reduced pressure P/E
[70, 71] and the inertia parameter I [72] to assess how
dynamic the tests are. I is defined as γ˙〈d〉√ρ/P , where
γ˙ = v/L0 with v the velocity of the walls, and ρ the par-
ticle density. In all our simulations, I remained below
10−4 so the particle-to-particle interaction and the parti-
cles’ bulk rapidly damped the kinetic energy and elastic
waves had little influence on the particle reorganization.
Note that as P/E → 0, we have φ → φ0 with φ0 the
packing fraction at the corresponding jammed state for
the rigid assembly of particles.
We performed a large number of isotropic compression
tests for a broad set of combinations of the mixture ratio,
the coefficient of friction, and the reduced pressure P/E.
The mixture ratio κ was varied in the set [0.2, 0.5, 0.8, 1.0]
for two distinct values of coefficient of friction µs = 0.0
and µs = 0.2. For κ = 1, we also include simulations
for increasing coefficient of friction (µs = 0 to 0.8). The
reduced pressure P/E ∼ was varied from 10−5 to P/E ∼
5 · 10−1. The packings are shown in Fig. 2 for different
values of κ and increasing stable values of P/E at µs =
0.2.
III. PACKING FRACTION AND BULK
PROPERTIES
A. Numerical results
Figure 3 shows the evolution of φ as a function of
P/E for rigid-deformable particle assemblies with κ ∈
[0.2, 0.5, 0.8, 1] and µs ∈ {0, 0.2} (a), together with simu-
lations fixing κ = 1 and varying µs ∈ [0, 0.2, 0.4, 0.6, 0.8]
(b).
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FIG. 3: (Color online) Packing fraction φ as a function
of P/E for (a) rigid-deformable particles assemblies with
κ ∈ [0.2, ..., 1] and µs ∈ {0, 0.2}, and for (b) completely de-
formable particle assemblies (i.e., κ = 1) with µs ∈ {0, 0.8}.
Main panels are in lin-log scale while insets show curves in
lin-lin scale. Numerical data (symbols) are shown with fits
from simplified equation of Platzer et al. (Eq. (4)) for rigid-
deformable particles and the equations of Secundi (Eq. (2))
and Zhang (Eq. (3)) for the fully deformable systems (dashed
lines).
For all cases, the evolution curves have the same gen-
eral trend regardless of κ and µs. More particularly, the
packing fraction first increases with P/E from φ0 and
then tends asymptotically to a maximum packing frac-
tion φmax. We note that both φ0 and φmax slightly de-
cline as the local friction increases. It is explained by the
reduction of the particle rearrangements due to friction,
as discussed in previous studies [73–75].
In assemblies of rigid-deformable particles, φmax de-
creases as κ tends towards 0. On the same curves, we
plot some of the compaction models found in the litera-
ture fitting our numerical results for µs ∈ {0, 0.2} for all
mixtures and µs ∈ {0, 0.8} at κ = 1. Further discussion
upon these models is presented later in Sec. III B.
It is also interesting to analyze the elastic properties
of the assemblies depending on the values of the mixture
ratio and friction coefficient. We define the bulk modulus
as:
K(φ) =
dP
dφ
· dφ
dεv
, (1)
with εv = − ln(φ0/φ) the macroscopic cumulative vol-
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FIG. 4: (Color online) Evolution of the bulk modulus K nor-
malized by the Young modulus E as a function of the packing
fraction φ for simulations with all values of κ and for µs = 0
and 0.2. The dashed lines show the bulk modulus computed
from the Platzer et al. equation (Eq. (4)).
umetric strain. Figure 4 shows the evolution of K(φ)
as a function of φ for all values of κ and µs, measured
in our simulations and computed using the derivative of
compaction equations used to fit the compaction curves
(see the discussion in Sec. III B). We observe that K
increases with φ and diverges as the packing fraction
tends to φmax. This comes from the fact that the as-
sembly of grains starts to behave as a non-deformable
solid. We also note that, regardless of κ, the coefficient
of friction has little influence on the macroscopic bulk
modulus for the small deformation domain. However, its
effect slightly increases for large strain values.
B. Discussion
In this section, we discuss the approximation of our
numerical data using some of the equations found in the
literature. For assemblies of only deformable particles
(i.e., for κ = 1), we display the model of Secondi [52]
and the model of Zhang et al. [54]. Secondi proposes an
equation in the form of:
Pn = −A1 ln
[ φmax − φ
φmax − φ0
]
, (2)
where n and A1 are coupled parameters assumed to con-
trol the hardening and plasticity of the assembly at the
macroscopic scale. The use of this equation is motivated
by the fact that it seems to generalize many other pre-
viously stated equations. For instance, assuming that
n = φmax = 1, we get the Heckel’s equation [13]. For
n = 1, we find the one proposed by Heuberger [76] and
Ballhausen [77], while for φmax = 1, we obtain the equa-
tion of Parilak et al. [49]. Similarly, Panely’s equation
appears for n = 0.5 and φmax = 1 [58]. In contrast, the
equation proposed by Zhang et al. states that:
logP = m log ln
[
(φmax − φ0)φ
(φmax − φ)φ0
]
+ logM, (3)
5with m and M being parameters assumed to be linked
to the hardening behavior and the compaction modulus,
respectively. This equation belongs to a new category of
double logarithmic equation recently introduced [54].
For binary mixtures, we use a simplified form of the
equation proposed by Platzer et al. [28] as:
P = P0(κ) ln
[
φmax − φ
φmax − φ∗(κ)
]
+ P ∗, (4)
with P0(κ) a characteristic pressure depending, a priori,
on the proportion κ, P ∗ a critical pressure and φ∗(κ) a
critical packing fraction at P ∗. Note that this equation
was originally formulated in terms of void ratio and de-
veloped in the context of a mixture of sand and rubber.
The rewriting of the Platzer et al. equation in terms
of pressure versus packing fraction, simplified for a mix-
ture of perfectly rigid particles with deformable ones is
detailed in Appendix A.
Some compaction models are shown in Fig. 3, and
their derivative following Eq. (1) are shown in Fig. 4.
We see that they all fit well the compaction curves cap-
turing as well the two horizontal asymptotes, i.e., one for
the perfectly rigid granular assembly (φ → φ0), and the
second for extremely high pressures (φ → φmax). They
also fit well the bulk evolution with the divergence ob-
served as φ approaches to φmax, although they slightly
mismatch the evolution at higher pressures for all values
of κ and µs.
In each case, these models require the measurement or
calibration of many parameters. By construction, for a
given value of κ and µs, φ0 is known. Then, following a
non-linear least squares regression, the maximum packing
fraction φmax and the other fitting parameters involved
in Eq. (2), Eq. (3) and Eq. (4) are simultaneously
estimated in order to best fit the compaction curve.
Now, for the assembly composed of only deformable
particles (i.e., for κ = 1) we get n = m = 1, (A1, φmax) '
(M,φmax) ' (0.05E, 0.97) for µs = 0, and (A1, φmax) '
(M,φmax) ' (0.079E, 0.96) for µs = 0.8. For rigid-
deformable particles assemblies, the best pair values of
P0(κ) and φmax in Eq. (4) are summarized in Table I and
Fig. 5, respectively, imposing P ∗ = 0 and φ∗(k) = φ0 for
all values of κ and µs. Note that Platzer et al. have
shown that their model ceases to work for κ > 0.5 while,
in our case, the approximation is still acceptable even for
κ = 1. Indeed, as discussed in Appendix A, the model of
Platzer et al. requires knowing the evolution of the void
ratio versus the pressure for a pure sand sample. This
induces the fitting of more parameters.
It is important to note different points. First, these
models fit well our numerical data as long as well-chosen
parameters are picked. Nonetheless, the physical mean-
ing of these equations and of the induced parameters re-
main unclear. Second, most of the existing equations
are very similar. For example, the simplified form of the
Platzer et al. equation is equivalent to that of Secondi
with n = 1 and A1 = P0(κ). However, while P0(κ) is
related to a characteristic pressure, A1 may be related to
κ = 0.2 κ = 0.5 κ = 0.8 κ = 1
µs = 0.0 0.17 0.08 0.1 0.06
µs = 0.2 0.33 0.11 0.1 0.075
TABLE I: Values of P0(κ)/E in Eq. (4) to best fit the com-
paction curves of rigid-deformable particle assemblies shown
in Fig. 3(a), as a function of µs and κ.
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FIG. 5: (Color online) Values of φmax fitted with Eq. (4)
(empty symbol) and with Eq. (12) (full symbol, see Sec. IV)
on the compaction curves of rigid-deformable particle assem-
blies shown in Fig. 3(a), for different κ and µs ∈ {0, 0.2}.
The dashed lines show the prediction given by Eq. (15).
an equivalent yield stress according to [47]. Third, the
values we obtained for the fitting parameters in the equa-
tion of Secundi and Zhang are nearly equal (A1 ' M).
Finally, it is important to highlight that in all of the
existing models, the maximum packing fraction φmax is
estimated or calibrated along with the other parameters
and cannot be easily deduced from existing equations.
A generalized compaction model for granular mixtures
should, nonetheless, be based on a clear description of
the mechanisms taking place at the scale of grains, their
deformation, and their interactions.
IV. A MICRO-MECHANICAL APPROACHES
In granular assemblies, the compressive stress P can
also be deduced through the micro-mechanical expression
of the granular stress tensor defined by [72]:
σij =
1
V
∑
c∈V
f ci `
c
j = nc〈f ci `cj〉c, (5)
where f ci is the i component of the contact force acting on
a contact c and `cj is the j component of the branch vector
(i.e., the vector joining the centers of particles interacting
at contacts c). The sum runs over all contacts inside the
volume V , and 〈...〉c is the average over contacts. The
density of contact nc, on the right hand side of Eq. (5),
is given by nc = Nc/V with Nc the total number of
contacts in the volume V . From the stress tensor, we
6extract the mean stress Pσ = (σ1 + σ2)/2, with σ1 and
σ2 the principal stress values, and P = Pσ.
Considering a small particle size dispersion around the
diameter 〈d〉, the contact density can be rewritten as
nc = 2φZ/pi〈d〉2, with Z = 2Nc/Np the coordination
number. These definitions permit to rewrite the stress
tensor as σij = (2φZ/pi〈d〉2)〈f ci `cj〉c. Finally, taking into
account the definition of P via the principal stresses of
σij , we can deduce a microstructural equation of the com-
pressive stress as [71, 78, 79]:
P =
φZ
pi
σ`, (6)
with σ` = 〈f c · `c〉c/〈d〉2, a measure of the inter-particle
stresses, with · the scalar product.
Equation 6 reveals the mutual relation between P and
φ through the granular microstructure described in terms
of both particle connectivity (Z) and inter-particle stress
(σ`).
A. Particle connectivity
The coordination number Z, allowing to quantify the
average number of neighbors per particle, is the first and
the simplest statistical descriptor of the granular texture,
i.e., the organization of the particles and their contacts
in space.
At the jammed state (i.e., for the packing fraction φ0),
the packing is characterized by a minimal value Z0. Be-
low such value, the collective movement of the particles is
possible without implying particle deformation. As de-
scribed in several earlier studies, Z0 depends on many
parameters like shape, friction and packing preparation
[73, 80–82] to name a few. Basically, for circular particle
assemblies, Z0 declines with µs and tends to 4 as µs → 0,
and to 3 for large friction values [83]. Furthermore, since
Z0 also depends on the packing preparation for frictional
particles, distinct values of Z0 are admissible.
Above the jammed state, it has been systematically
reported in the literature that Z continues to increase
following a power-law as:
Z − Z0 = ξ(φ− φ0)α, (7)
with α ∼ 0.5 and ξ = (Zmax−Z0)/(φmax−φ0)α a struc-
tural parameter fully defined as P/E → ∞, with both
φ and Z reaching a maximum value φmax and Zmax, re-
spectively. This relation was observed both numerically
and experimentally for many deformable particulate as-
semblies like foams, emulsions, and rubber-like particles
[5, 27, 75, 84].
As shown in Fig. 6, we found the same proportionality
in our simulations, with ξ ∼ 5.1, independently of the
mixture ratio and friction. Thus, our results extend the
validity of such relation to binary mixtures.
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FIG. 6: (Color online) The reduced coordination number
Z − Z0 as a function of the reduced solid fraction φ − φ0
for all values of κ and µs (a log-log representation is shown
in the inset). The dashed black line is the power-law relation
Z − Z0 = ξ(φ− φ0)α with α = 0.5 and ξ = 5.1.
B. Elastic Modulus
Moreover, the inter-particle stress σ` could be related
to the packing fraction, either by considering deforma-
tions at the contact, or through the bulk properties of an
elementary system composed of a single elastic particle.
1. Voigt approximation
Elastic properties of a granular assembly can be esti-
mated in the small-strain domain through the Voigt ap-
proximation (also called effective medium theory EMT
[79, 82, 85, 86]), in which the particles are replaced by a
network of bonds of length `c. From there, and by anal-
ogy with the macroscopic volumetric strain εv, we can
define a local volumetric strain as εv,` = 2 ln(〈`c〉/〈d〉).
Our numerical simulations also show that εv = 2εv,`,
for all values of κ and µs. Then, we assume that the
inter-particle stress between two deformable particles,
or between a deformable and rigid particle, is given by
σ` = Eεv,`.
Finally, the above expressions with Eqs. 7, 6, and 1
together with a first-order Taylor expansion of εv, give
an estimation of the bulk modulus as:
K1
E
=
Zφ
2pi
(
5
2
− φ0
φ
)
− Z0φ
4pi
. (8)
Note that, in the limit of φ → φ0, Eq. (8) predicts that
K1 → ZφE/(2pi) which is in agreement with other equa-
tions obtained within a small-strain framework for assem-
blies of rigid particles with elastic interactions [82, 85–87].
The prediction given by Eq. (8) is shown in Fig. 7 for
all values of κ at µs = 0. We see that the measurement of
the bulk modulus within an equivalent medium approach
gives matching results in the small-strain domain for all
values of κ. However, here the prediction given by Eq.
(8) is still acceptable over the range of φ ∈ [φ0, φ+] where
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FIG. 7: (Color online) Bulk modulus K normalized by E
(empty symbols) along with the micro-mechanical relation
proposed on Eq. (10) (full symbols) for all values of κ and
µs = 0. The prediction given by Eq. (13) is shown in dashed
line for µs = 0 and µs = 0.2 and the one given by Eq. (8) is
displayed in dotted line.
φ+ increases from ' 0.83 for κ = 0.2 to ' 0.9 for κ = 1.0,
until an increasing mismatch is observed as the packing
fraction tends to φmax. Indeed, in the limit φ→ φmax the
assembly of grains starts to behave as a non-deformable
solid, and thus, the corresponding bulk modulus diverges.
These observations suggest that the definition of local
strains only by means of the contact deformations σ` =
Eεv,` should be reconsidered.
2. Scaling with a single particle configuration
In this section, a different point of view is proposed.
Let us consider the case of an elementary system com-
posed of a single particle isotropically compressed be-
tween four rigid walls (i.e., submitted to the same bound-
ary conditions as the multi-particle assembly, see the up-
per part of Fig. 8 ). In Fig. 8, we present the evolution
of the packing fraction φp as a function of the applied
pressure Pp for the single particle case. Note that the
number of finite elements Ne has a small influence on the
results. We also observe that the single particle compres-
sion curve φp−Pp is roughly similar to the multi-particle
compaction curve φ − P (Fig. 3). This supports the
idea of a strong relation between the single particle and
multi-particle systems.
Indeed, as shown in Fig. 8 (gray dashed line), the
compaction behavior of such elementary system is well
described with the following logarithmic function:
Pp/E = −b ln
(
φp,max − φp
φp,max − φp,0
)
, (9)
with φp,max the maximum packing fraction obtained,
φp,0 = pi/4 the solid fraction as Pp/E → 0, and b a con-
stant of proportionality found to be ' 0.14. Equation 9 is
derived from the analogy to the collapse of a cavity within
an elastic medium under isotropic compression following
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FIG. 8: (Color online) Compaction curve of a single particle
inside a square box for different mesh resolutions. a: Snap-
shots for Ne = 968 of the simulation at different compression
levels. The color intensity of the particle is proportional to
the volumetric deformation. b: Packing fraction as a function
of the scaled pressure applied on the particle. Red squares (Pp
fixed and E varied) and black circles (E fixed and Pp varied)
are tests on a particle with Ne = 92 finite elements. For the
other mesh resolutions, E was fixed and Pp varied.
Carroll et al. [47]. Although this relation is well adapted
to the single particle test, similar functional forms have
been used for multi-particle systems, as discussed in Sec.
III B. Then, the bulk modulus of the single particle as-
sembly is given by: Kp(φp) = (dPp/dφp) · (dφp/dεv,p),
with εv,p = − ln(φp,0/φp).
Now, comparing these two systems at equivalent pack-
ing fraction (i.e., for φp ≡ φ), we obtain that, for all
values of κ and µs, the macroscopic bulk modulus K of
the assembly scales with Kp as (see full symbols in Fig.
7):
K ≡ Zφ
2pi
Kp +O, (10)
with O negligible high order terms on φ. Equation 10
allows us to reinterpret the micromechanical origin of the
bulk modulus of an assembly of rigid-deformable particles
in terms of particle connectivity, packing fraction, and
the bulk property of an elementary system. We can also
reinterpret Eq. (6) as:
P ' Zφ
2pi
Pp, (11)
and we deduce that O in Eq. (10) is related to the deriva-
tives (dZφPp+ZdφPp). Equations 10 and 11 reveal that
the elastic and compaction properties of a binary mix-
ture are scalable from the behavior of a single particle.
8This finding is aligned with the general idea of describing
the macroscopical properties of a granular packing from
a single representative element [88, 89].
C. A compaction and bulk equation
Finally, introducing the Z − φ relation (i.e., Eq. (7))
into Eq. (11), together with Eq. (9) at equivalent packing
fraction, and noting that, for a given friction the maxi-
mum packing fraction depends on mixture ratio (Fig. 5),
we get the following compaction equation:
P (φ, κ)
E
' − bφ
2pi
{Z0 + ξ(φ− φ0)α} ln
(
φmax(κ)− φ
φmax(κ)− φ0
)
.
(12)
In contrast to previous models, the only unknown pa-
rameter in Eq. (12) is the maximum packing fraction
φmax(κ) since all other constants are determined from
either the initial state, the behavior of a single repre-
sentative particle, or the mapping between the packing
fraction and coordination curve.
Figure 9 presents our numerical data (same as in Fig.
3) together with the compaction equation given by Eq.
(12). We see that the predictions given by Eq. (12) are
outstanding for any pressure capturing the asymptotes
for vanishing and extremely high pressures, the effect of
mixture ratio, and the effect of friction. Our compaction
equation also allows us to predict the asymptote for the
maximal packing fraction φmax, both as a function of
κ and µs. The best φmax-values used in Eq. (12) are
shown in Fig. 5 (full symbols) as a function of κ for
µs ∈ {0, 0.2}.
Going one step further and derivating Eq. (12) we get
a second expression for the bulk modulus evolution as:
K2(φ, κ)
E
=
bφ2
2pi(φmax(κ)− φ){Z0 + ξ(φ− φ0)
α}. (13)
Figure 7 shows the above relation giving the evolution
of K throughout the deformation for all values of κ and
µs ∈ {0, 0.2}.
Finally, the increase of φmax with κ, shown in Fig.
5, can be captured considering a simple system. Let us
imagine an assembly where particles are separated in two
phases, a rigid and a deformable one, as shown in Fig.
10. The total volume V of the box is then given by
V = Vor + Vod, where Vor and Vod are the corresponding
volumes of the sub-boxes containing the rigid and de-
formable particles respectively. Considering that the to-
tal volume of deformable particles is Vd = κVp and that
the one of rigid particles is Vr = (1 − κ)Vp, the packing
fraction of such demixed mixture is then given by:
φ(κ) =
φ0 φ(1)
φ(1) + (φ0 − φ(1))κ, (14)
with φ0 = Vr/Vor = φ(κ = 0), and φ(1) = Vd/Vod =
φ(κ = 1), being the packing fractions of only rigid and
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FIG. 9: (Color online) Compaction curves φ as a function
of P/E for (a) rigid-deformable particles assemblies with
κ ∈ [0.2, ..., 1] and µs ∈ {0, 0.2}, and for (b) completely de-
formable particle assemblies (i.e., κ = 1) with µs ∈ {0, ...0.8}.
In both, the curves are presented in lin-log scale in the main
panel and in lin-lin scale in the inset. The predictions given
by our micro-mechanical equation (Eq. (12)) are shown in
dashed lines.
deformable particle assemblies, respectively. Therefore,
we can write the maximal packing fraction of the mixture
as
φmax(κ) =
φ0 φ1,max
φ1,max + (φ0 − φ1,max)κ, (15)
with φ1,max the maximum packing fraction at κ = 1. As
shown in Fig. 5 with dashed lines, Eq. (14) gives accept-
able predictions for the evolution of φmax as κ increases
both for µs = 0 and µs = 0.2. So, by replacing Eq.
(15) into Eq. (12) and Eq. (13), we obtain predictive
equations based on the sole knowledge of the maximum
compaction value attainable in assemblies composed of
only deformable particles.
V. CONCLUSIONS AND PERSPECTIVES
In summary, by means of extensive non-smooth con-
tact dynamics simulations, we analyze the compression
behavior of bidimensional granular assemblies composed
of mixtures of rigid and incompressible deformable par-
ticles. The deformable bodies are simulated following a
9FIG. 10: (Color online) Sketch of the simplified geometrical
approach to estimate the packing fraction of the assembly as
a function of κ. Particles are separated in two distinct phases,
a rigid and a deformable one.
hyper-elastic neo-Hookean constitutive law using classi-
cal finite elements. The proportion of deformable parti-
cles was varied from 0.2 (i.e., assembly composed of 20%
of deformable grains) to 1 (i.e., assembly composed of
only deformable grains) for different values of the fric-
tion. Starting from the jammed state characterized by
a packing fraction φ0, packings were isotropically com-
pressed by gradually applying stress on the boundaries.
We found that, for all values of the mixture ratio
and friction, the packing fraction increases from φ0 and
asymptotically tends to a maximum value φmax. We
showed that φmax decreases as the proportion of de-
formable particles declines, and the friction coefficient
increases. Although most of the existing models pro-
vide acceptable predictions, the maximum packing frac-
tion reachable must be estimated or calibrated along with
other parameters and cannot be easily deduced.
A major outcome of this work is the introduction of
a compaction model for binary mixtures of rigid and de-
formable particles, free of ad hoc parameters, and stand-
ing on well-defined quantities related to 1) particle con-
nectivity, 2) the bulk behavior of a single representative
particle and 3) the proportion of rigid-deformable par-
ticles. Our model, derived from the micro-mechanical
expression of the granular stress tensor, results in out-
standing predictions of the compaction evolution for all
values of the mixture ratio parameter at any friction. In
addition to this, the maximum packing fraction of the
assembly is deduced as the only fitting parameter at the
macroscopic scale. From the compaction model, a bulk
equation is also deduced, resulting in good agreement
with our numerical data for all values of the mixture ra-
tio parameter and friction.
On top of the obtained compaction equation for the
assembly of rigid-deformable particles, this paper high-
lights the methodology via a micro-mechanically ap-
proach. This approach allows us to unify in a coher-
ent framework the compaction behavior of assemblies of
deformable and rigid-deformable grains beyond the jam-
ming point. The above framework may now be used
and extended to analyze much more complex deformable
granular assemblies by considering a wide range of ma-
terial properties, such as plastic particles, non-spherical
particles, and polydisperse particles. Other loading con-
figurations, like the oedometric compression test, could
be investigated in this framework as well. These alterna-
tive mechanical considerations may lead to distinct func-
tional forms, but certainty, settled on the behavior of
a single representative particle and the evolution of the
packing connectivity.
Finally, we recall that the granular stress tensor, from
which the model is built, is an arithmetic mean involving
the branches and contact force vectors. Thus, high
order statistical descriptions of these quantities (other
than just their average value) should be considered and
will allow us to characterize in a finer way the granular
texture, its evolution as well as the force and the stress
transmission beyond the jamming point.
We thank Frederic Dubois for the valuable technical
advice on the simulations in LMGC90. We also acknowl-
edge the support of the High-Performance Computing
Platform MESO@LR.
Appendix A: rewriting of the Platzer et al. model
Through the literature review, we note that the ma-
jority of the compaction models were introduced in the
form of P (φ). In contrast, Platzer et al. [28], by studying
a mixture of sand and rubber, introduced their model in
the form of e(κ, P ), with e the void fraction of the assem-
bly defined by e = 1 − φ. Assuming that the void space
is fulfilled following a first-order function of the applied
pressure, they proposed the following compaction equa-
tion:
e(κ, P ) = e(0, P )−κf∗−κ(F−f∗)
[
1− exp
(
P ∗ − P
P0(κ)
)]
,
(A1)
with e(0, P ) the experimental void fraction at pressure
P for sands, P0(κ) and P ∗ two characteristic pressures.
f∗ = f(κ, P ∗) and F = f(κ, P → ∞) are the critical
deformed fraction and the maximum deformed fraction
of rubber, respectively. They are defined from:
f(κ, P ) =
e(0, P )− e(κ, P )
κ
(A2)
Replacing Eq. (A2) into Eq. (A1), and after some
algebra, the equation of Platzer et al. can be rewritten
as:
P (κ, φ) = −P0(κ) ln
(
[φmax − φ] + [φ(0)− φmax(0)]
[φmax − φ∗(κ)] + [φ∗0(0)− φmax(0)]
)
+P ∗,
(A3)
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with φmax = φmax(κ), φ(0) = φ(κ = 0, P ) the packing
fraction evolution for a pure sand sample, φmax(0) =
φmax(κ = 0) the maximum packing fraction obtained for
a pure sand sample, and φ∗0(0) = φ∗0(κ = 0) and φ∗(κ) the
packing fraction for a pure sand and a mixture rubber-
sand, respectively, at a given initial confining pressure
P ∗.
Now, considering that the grains of sand are replaced
by perfectly rigid particles, and starting the compaction
process at the jammed state, we naturally get that, for
κ = 0, φ(0) = φ∗0(0) = φmax(0). This leads to a simplified
version of the equation of Platzer et al. as:
P (κ, φ) = −P0(κ) ln
(
φmax(κ)− φ
φmax − φ∗(κ)
)
+ P ∗. (A4)
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